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LETTER TO THE EDITOR 

Lattice Green function for the simple cubic latticei- 
G S JOYCE 
Wheatstone Physics Laboratory, King’s College, Strand, London WC2R 2LS, UK 

MS received 19 June 1972 

Abstract. A particular lattice Green function for the simple cubic lattice is evaluated 
exactly as a square of a Heun function, and as a product of two complete elliptic 
integrals of the first kind. Applications of these results in lattice statistics are briefly 
described. 

The lattice Green function 

P ( l ,  4 = P(&, 12, 5 ;  4 
n 

cos 1,XI cos 12x2 cos 13x3 
-dx,dx2dx, (1) 

= 773 sss 1 -~z(cosx,+cosx,+cosx,) 
0 

where I,, I,, 1, are integers, is frequently encountered in the study of lattice statistics 
on the simple cubic (sc) lattice with isotropic nearest neighbour interactions$ For 
example, P(l, z) occurs in the statistical theories of ferromagnetism such as the spherical 
model (Berlin and Kac 1952, Joyce 1972), and Heisenberg model (Dyson 1956a, 
1956b, Dalton and Wood 1967). In the theory of random walks (Montroll and Weiss 
1965, Domb and Joyce 1972) on the sc lattice P(l,  z) is an integral representation for 
the basic probability generating function 

where Pn(l) is the probability that a random walker, starting at the origin I = 0, will 
reach the lattice site I after a walk of n steps. The main purpose of this letter is to give 
an exact general expression for P(z) = P(0, z) in terms of complete elliptic integrals 
of the first kind. 

The procedure used to evaluate P(z) is rather complicated and will be described 
in detail elsewhere. The basic aim of the analysis is to  prove that the Green function 
P(z) can be written in the form 

P(z) = [F(9, - 2; a, 2, 1, $; 22)12 (3) 
where F(a, b ;  E, j3, y, 8; x )  denotes a Heun function 5. It is then shown, using standard 
quadratic and bilinear transformation formulae for Heun functions (Snow 1952), 

t This research has been supported (in part) by the United States Department of the Army through 
its European Office. 
$, For a recent review on lattice Green functions see Katsura et aZ(1971a). 

For a detailed account of the properties of Heun functions see Snow (1952). 
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that P(z) can be directly related to  the corresponding lattice Green function for the 
face-centred cubic lattice (Iwata 1969, Joyce 1971). In this manner we obtain the 
following product formula for the sc lattice Green function: 

P(z)  = (1 -4~1)~’~(1-~1)-~(2/~)~K(k+)K(k-) (4) 

k A 2  = 4 f~x2(4-x2)1’2-~(2-x2)(l -x2)’I2 (5) 
x1 = i++z2-&(1 -z2)1’2(1 -+z2)l’2 (6) 
x2 = x1/(x1- 1) (7) 

where 

and K(k)  is a complete elliptic integral of the first kind. By inspection of this result 
it is readily seen that P(z)  displays branch point singularities in the z2 plane at z2 = 1, 9 
and CO. Thus the Green function P(z) is a single-valued analytic function in the z2 plane 
cut along the real axis from + 1 to  + CO. 

We can check the validity of equation (4) by considering particular values of 
z2. When z2 = 1 we find that 

where 
k,2 = -&(243-1 f 46) .  (9) 

Next we apply the standard transformation formula (ErdClyi et a1 1953) 

(:) K(k)  = 2F1(4, 4; 1; k2) = (1 -k2)-1122F1(&, 3; 1; k2/k2 - 1) (10) 

to  the elliptic integrals in equation (8). This procedure yields 

2 4  - 1 5 4 6  
2 4 3  + 1 f 4 6  

k,2 = = (2 - 4 3 ) 2 (  1 / 3  5 2/2)2. 

If the relation 

K(k+) = ($)1’2(1 + k - ) K ( k - )  (13) 
is substituted in equation (1 1) we finally obtain 

P(1) = - (18+121/2-10.\/3-72/6)[K(k-)12 (3 
21 1.516 386 059 151 978 

where k- = (2-1/3)(1/3-2/2). This result is in complete agreement with that 
obtained previously by Watson (1939). 

In order to  evaluate P(z) F(z2) along the edges of the branch cut in the z2 plane 
we must replace z2 in equation (6) by z2 f ic, and use the formula 

{ 1 - (5 5 ie))lI2 = T i(5 - 1 5 ie)li2 (15) 
where 1 < [ < CO and E 2 0. For large values of z2 a considerable simplification 



Letter to the Editor 

occurs, and equation (4) gives 

lim &z2 f ic) = I i(9/~~)~/~(2/n~)K(k+)K(k-) 
E - 1 0  + 

as z2 -f + CO, where 

k,2 = t(2 F d3) .  (17) 
This result agrees with that derived by Katsura et aZ(1971b). The general expression 
(4) has also been used to determine the real and imaginary parts of P(z2 st ic) as 
E + 0+ ,  for z2 = 9 and z2 = 915. In both these special cases agreement was found 
with the work of Katsura et aZ(1971b). 

The detailed behaviour of P(z) in the neighbourhood of the branch point z2 = 1 
may be readily established by applying a suitable analytic continuation formula 
(Snow 1952) to the Heun function in equation (3). It is found that 

where larg(1 -z2)/ < T, and Iargz21 < 7. If this analytic continuation is developed 
as a Taylor series in powers of (1 -z2)l12 we obtain 

P(z)  = 

1242 )(1-22)2 (19) 
175P( 1) +- 

4Tr 1024 Tr2P( 1) 
21 2/3 
40rr 

-- (,1 - z2)5/2 + . . . 
where 11 -z21 < 1. Maradudin et al (1960) and Montroll and Weiss (1965) have 
calculated the numerical value of the coefficient of 1 - z2 in this expansion as 0.692381. 
However, their result is not in agreement with the exact value 

9 
-(P(l)+&) N 0.539 238 175 081 581. 
32 

The expansion (19) has several applications in lattice statistics. For example, 
it enables one to carry out a detailed analysis of the critical properties of the spherical 
model for the sc lattice (Joyce 1972), while in the theory of random walks it can be used 
to derive the following asymptotic formula for the expected number S, of distinct 
lattice sites visited in an n step random walk on the sc lattice (Vineyard 1963, Montroll; 
and Weiss 1965): 

sn [P(l)l-’n( 1 + (x) 3 (--) 6 112 + (=)(162+7Az)n-l 1 

(21) 
+ (L)(18+A2)(4)1’2+. 1 6A3 Trn . .] 
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as n -+ CO, where A rP(1). Recently, Domb and Joyce (1972) have shown that the 
expansion (19) is also of considerable importance in the theory of selfavoiding random 
walks. 

Finally, we note that expansions for P(z) about the branch points z2 = 9 and CO 

can be derived from equation (3) by applying standard transformation formulae 
(Snow 1952). The detailed properties of these expansions are currently being 
investigated. 
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